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An algebra A (not necessarily with a unit element) over afield 9;’ is called 
a division algebra if, for every elements a # 0, b ir, A, the equations 
ax = b and ya = b 
have unique solutions for x and y in A. The w&known 
arise from the quaternion and octonion algebras ofdimension 4 ar,d 8which 
are also alternative quadratic algebras [ 171. The famous theorem of Bott and 
Milnor [4] states that any finite-dimensional real division algebra c n have 
only dimension 1, 2,4 or 8. Note that he proof of this theorem does not 
quire the existence of a unit element. Albert [I ] and Bruck 16 ] as well as 
sborn [ 161 also constructed finite-dimensional real division algebras 
(necessarily of dimension 1, 2,4 or 8) which are not in general aI~~~~a~~~~~ 
Czerwinski [7] h as recently constructed a class of real nonflexible division 
algebras ofdimension 8. It should be stressed that ali of these divisjon 
algebras possess unit element e and satisfy the quadratic equation 
x2 - t(x) x + n(x) e = 0. 
The purpose of this paper is to construct Various new classes ofdivision 
algebras without unit element of dimension 4 and 8. These division algebras 
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have a nondegenerate symmetric bilinear fo m (x, JJ) and some of these 
algebras permit the composition law
(XY9 jcv) = (x9 YNY, Y>* U-1) 
The following theorem isfundamental forour construction. 
THEOREM 1.1. Let A be a finite-dimensional algebra over a field F of 
characteristic f 2, and let (x, y) be a nondegenerate symmetric bilinear fo m 
on A. If A satisfies theidentiy 
X(YX> = (XY>X = (4 X>Y 
then A is necessarily of dimension 1,2, 4 or 8. 
(l-2) 
We will prove Theorem 1.1 in Section 4. The identity (1.2) plays a
fundamental ro e in this paper. Theorem 1.1 also generalizes th  known 
result in[l I] that if the algebra A in Theorem 1.1 satisfies (1.2) and the 
additional condition of Lie-admissibility then dimA = 1, 2,4 or 8. The 
following result proved in [ 11, p. 1388 or 9, p. 601 characterizes (1.2)and is 
useful for our discussion. 
THEOREM 1.2. Let A be an algebra over a field F of characteristic # 2 
with a nondegenerate symmetric bilinearform (x,y). Then A satisfies (1.2) if 
and only if (x, y) is invariant, that is, 
(XY, z) = (x, YZ), x, Y, z E A 
and (x, y) permits composition. 
(1.3) 
Here we do not assume the existence of aunit element. The algebra A 
satisfying the conditions i  Theorems 1.1 or 1.2 does not possess a unit 
element unless itis one-dimensional [ll, p.13931. Ingeneral, (1.2) yields a 
cubic equation 
x3 = (x, x) x. (1.4) 
In the study of composition algebras, if the existence of aunit element is
replaced by the invariant condition (1.3) then, in view of Theorems 1.1 and 
1.2, we still obtain a result analogous to the Hurwitz heorem. 
The conditions in Theorem 1.2 or equivalently the identity (1.2) stem from 
two sources. One is the pseudo-quaternion and pseudo-octonion algebras 
introduced by Okubo [9, lo] which also arise inthe recent classification of 
simple flexible Li -admissible algebras by Okubo and Myung [ 14, 151. 
Another one is the para-octonion algebras which can be constructed from 
any alternative quadratic algebra with anondegenerate symmetric bilinear 
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form. These two types of algebras are the essential sources for the 
construction of division algebras under consideration. 
2. PSHJD~-O~TONION AND PARA-OCTONIOX ALGEBRAS 
Let M, be the vector space of all 3x 3 traceiess matrices over afield F oi 
characteristic f 2, 3. We define a product x 0 .V in M, by 
where X,V represents thematrix product, ,U# 4 is fixed in F and I is the unit 
matrix. Since Tr(x 0 47) = 0 for x, 4’ E M,, M3 becomes an algebra under the 
multiplication defined by(2.1). 
Suppose that ,U E F satisfies the equation 
3pu(l -p)= 1. (2.2) 
Note that if F contains a cubic root w # I then one can choose a+ E F 
satisfying (2.2). Put 
(x, y) = ; Tr(x~s), (2.3; 
N(x) = (x. x) = i -i-r .I-* I ,( 1~ i 3) 
for .Y, JE &I,. Then (x, .v) defines a nondegenerate symmetric bilinear form 
on M? and, moreover, itcan be shown that (x. y) is invariant and permi:s 
composition, i.e., 
N(X 3 j!) = W(X) iV(J’) (2.5) 
(set j TO]). The composition law (2.5) is due to the Hamilton--Cayley 
theorem which yields the crucial cubic equation 
for x E 44,. It is immediate from (2.6) that M, satisfies a quartic trace 
identity 
Tr x4 = f(Tr x*)*. (2.7) 
Therefore, by Theorem 1.2, M, satisfies (1.2) (this can be also verified by 
linearizing (2.6) with x + a~, LI E F). 
The construction of ctonion algebras via 3 x 3 traceless matrices over the 
complex field has been investigated in particle physics [ 12 1. Okubo 111, 12 \ 
recently constructed octonion algebras over a field F of characteristic + 2, 3 
from the algebra M, satisfying (2.2). For this reason, M with (2.2) has been 
called a pseudo-octonion algebra. Denote by M; the algebra defined onthe 
vector space M, but with multiplication [x, y1’ = x 0 y - y 0 x. Then 
Ix, Y]” = (2~ - 1)1x, Y] an d so M; is a Lie algebra isomorphic to the simple 
Lie algebra s1(3, F). Thus, in view of (1.2), a pseudo-octonion algebra isa 
simple flexible Lie-admissible alg bra which is neither power-associative nor 
has a unit element ] 15 ]. 
Suppose that F is the complex field. For x EM,, denote by x+ the 
hermitian conjugate matrix of x. It is routine tocheck 
(xoy)+=x- oy+. (2.8) 
Let A, be the set of hermitian matrices x in M,, i.e., x’ =x. By (2.8), M
becomes an S-dimensional flexible Lie-admissible alg bra over the real field 
which satisfies (1.2), and moreover the trace form (x, y) on A?, is positive- 
definite, i.e., 
N(x) = (x, x) > 0 (2.9) 
for x # 0 in II?,. The fact hat A?, is a division algebra follows from the 
following result proved in ] 11, p. 13941. 
THEOREM 2.1. Let A be an algebra ocer afield F of characteristic # 2 
with asymmetric bilinear fo m (x, y). Suppose that A satisJes (1.2). Then A 
is a division algebra if and only if (x, x) # 0 for x # 0 in A. In rhis case, A 
does not hate a unit element, unless A is one-dimensional. 
Therefore, thealgebra A?, offers a new real division algebra without unit 
element of dimension 8. In view of Theorem 1.1, the algebra A in 
Theorem 2.1 is necessarily of dimension 1,2,4 or 8. 
Let A be an alternative algebra over F with unit element e which satisfies 
the quadratic equation 
x2 - 2(e, x) x + (x, x) e = 0 (2.10) 
with (x, y) nondegenerate. Thus A is of dimension 1,2,4 or 8 and is a 
quaternion or an octonion algebra for dimension 4 or 8 (5, p. 2241. Define a
new product x 0 y in A by 
x0 y=xy-2(e,xy)e. (2.11) 
It is shown in [ 131 that he algebra A,defined by(2.11) satisfies (1.2) and 
xoe=eox=x-2(x,e)e. (2.12) 
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Note that (e, e) = 1 by (2.10) and so e o e = -e by (2.12). C~~V~~S~~~~ 
suppose that B, is an algebra with anondegenerate sy etric bihnear form 
satisfies (1.2) and (2.12) with (e, e) = I. an be shown that 
with anew product xydefined by
xy =x 0 y - 2(e, x 0 y)e (-2.13; 
is an alternative algebra with unit element e satisfying the quadratic e~~at~o~ 
(2. (see [131). An element e with (e, e) = 1 satisfying (2.12) iscalled a 
-unit (or para-unit) element for the algebra. 
In particular, if 0 is an octonion algebra over F with unit element e 
the algebra 0,defined by(2.11) iscalled a ~~r~-oc~o~~~~ a!gebro. 
has a para-unit element e but is not Lie-admissible, it can beeasily s 
the pseudo-o&onion algebra M, does not possess a para-unit element. Thus 
the pseudo- and para-octonion algebras form two i~~e~~~~g~t classes of 8- 
dimensional algebras. However, both algebras satisfy the ~~~ditio~s in 
Theorem 1.2. Since if 0 is an octonion division algebra then (x, X) f 0 for 
x f 0 in 0 [ 17, p. 481, in view of Theorem 2.1, the Sara-o~tonio~ ~~vis~~~ 
algebras offer a new class of division algebras without nit element of 
dimension 8. In the next section we give a method to construct 
classes of division algebras, 
3. THE CONSTRUCTION 
THEOREM 3.1. Let A be an algebra over a field P of c 
which satisfies the conditions i  Theorem 1.2 or e~ujv~le~t~y (1.2). Let y E F 
and g E A be arbitrary fixed elements such that 
Y(& g>f 1. (3.1) 
Let A(‘), g)be the algebra defined onthe vector space A with rnult~~~ic~ti~~ 
x * y given by 
x*y=xy-Y(&XY)$. (3.2) 
If (x, x) f 0 for x # 0 in A then A(y, g) is a djvi~~on algebra. 
BrooJ For a f 0, b in A(y, g), consider the quations 
a*x=b and yaa=b. 
By (3.2), a *x = b is expressed as 
ax-y(g,ax)g=b (3.3) 
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Since (a, a) # 0, by 
the unique solution 
(a, a) x = y( g, ax) gu + ba, (3.4) 
(g, ax>ll - Y( gv s>l = (g, b). (3.5) 
(3.1) it follows from (3.4) and (3.5) that a* x = b has 
db, g) 
l-j)(g,g) g” 1 * 
Similarly, we see that y* a = b has the unique solution 
1 
y= (u,u) ub+ [ 
db> g) 
l-Y(&g) ug 1 ’ 
The bilinear form (x, y) may or may not permit composition on A(y, g). 
In fact, since (x, v) permits composition A, it follows from (3.2) that 
(x, y) permits composition on A(‘/, g)if and only if the identity 
Y( g9 XY)’ lY( g, g) - 21 = 0 (3.6) 
holds in A(y, g). Since the algebra A in Theorem 3.1 is simple Ill, p. 13921, 
A = AA and so nondegeneracy of (x, JJ) implies that (3.6) is equivalent to he 
condition 
y=O or 
2 
y=(g,g). 
(3.7) 
assuming g # 0. 
COROLLARY 3.1. Let A and A(y, g), gf 0, be the same us in 
Theorem 3.1. Then (x, y) permits composition on A (y, g) IY and only if 7= 0 
or Y = 2/c g, g)* 
Note that A(0, g) = A. If y = 2/( g, g), x * y is expressed as
and conversely, x  is written as
xy=x*y-2(4.gx;:‘)g. 
9 
(3.8) 
(3.9) 
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The algebra A@, g) defined by (3.8) has been ~~ves~~gated in 111, 
p. 14221. When A is taken to be a reaa pseudo-oct~nio~ or a ~ara-~cto~~o~ 
division algebra, Theorem 3.1 gives rise to two new classes ofdivision. 
algebras of dimension 8. 
A pi, g) is not in general f exible. In fact, itis easily seen that he ~~~ib~~ 
Iaw (CC * y) * x = x * ( y * x) is equivaient to the identity 
Moreover, there is no guarantee hat Afy, g) is third- 
Let 0 be an octonion division algebra with unit element e.Thus 0 satisfies 
the quadratic equation (2.10) with trace (e, x) and norm (x,x). The 
associated para-octonion algebra 0,is a division algebra with ~se~d~~~~it 
element e and satisfies th  conditions i  Theorem 3.1. Then, the product 
x * y in O,(y, e)is expressed as 
x * y = x 0 y - y(e, x 0 y) e = xy - (2 - y)(e, xy)e (3. IO) 
since (e, e) = I, where xy denotes the product in 0. Using (3.1 
compute 
since 0 is flexible and(e, xy) = (e, yx). Thus &, e) is ~ex~b~e, butit does 
not have aunit element unless y = 2. Indeed, s pose thatfis a unit eleme 
,(y, e). Then, by (3.10), f = ae with a= I + (2 - y)(e, f >, so a = 1 + 
(2 - y) a since (e, e) = 1. Thus x = x * j” = a(x e) = ax - a(2 - y)(e, x)e 
by (3.10). Wence fcannot be a unit element for ,(ys e)unless y = 2. Thus 
we have 
&IOROLLARY 3.2. Let 0 be an o&onion d~vi~~~~ algebra with mnI 
element e. Then O,(y, e) is a frexible division algebra of
satisJes a quadratic equation 
x * x - 2(e, x) x + [ (2 - y)(e, x2) + (x, x)] e = 0. 
In addition, if y# 2 then O&J, e) does not 
It is shown in [IO, n. 12671 that M, contains a 4-dimensional s bal~~bra 
P,, called a pseudo-quaternion algebra, with abasis {e: x, ) x2? xj 1 given by 
3 
XiO,yjZ 1‘ 
k=l 
EijkX, + 6ije3 
~~oe=eox,~=x~, eoe=-e, 
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where sijk is the anti-symmetric Levi-Civita tensor with E,*~ = 1. If the base 
field is the complex field, then e, x, , x2, x3 can be chosen as hermitian 
matrices, so that P, is a 4-dimensional algebra over the real field where the 
trace form defined by(2.3) is positive-definite and satisfies the conditions i  
Theorem 1.2. Thus P,(y, g) gives a class of real division algebras of 
dimension 4.
4. PROOF OF THEOREM 1. I
The main ingredient forthe proof stems from representation of Clifford 
algebras. Let A be a finite-dimensional algebra over a field F of charac- 
teristic # 2, which satisfies the identity 
(xv> x =x( YX) =(-6 x) y, (4.1) 
where (x, JJ) is a nondegenerate symmetric bilinear form on A. Since any 
scalar extension A’ of A satisfies (4.1) and (x, y) is nondegenerate on A’ [.5, 
p. 51, we may assume that F is algebraically c osed. Denote by R, and L, 
the right and left multiplications in A by x. Then (4.1) is written as
R,L, = L,R, = (x,x) I, (4.2) 
where Iis the identity mapping on A. Linearizing (4.2) gives. 
R,L, + R,L, = L,R, •t L,R,= 2(x, y) I. (4.3) 
Consider the vector space direct sum 
V-ABA (4.4) 
and, for xE A, define a linear mapping A(x) on V by 
A (x)(u 0 u) = (Rxu 0 L,u) = (ux 51 xu), (4.5) 
U, t’ EA. Then (4.3) implies 
A( +n(Y>n(x)= 2(x9 Y)I, (4.6) 
where Iis now the identity mapping on V. Let C(A) be the Clifford algebra 
on the vector space A relative to (x, y). Thus dim C(A) = 2d, where 
d = dim A [8, p. 75,260]. By the universal mapping property ofC(A), it 
follows from (4.6) that he mapping A: x -+ A ix), xE A, defines a represen- 
tation of C(A) acting on the 2d-dimensional’ vector space V. Thus V is 
regarded asa C(A)-module via ZG = A(i) ut z E C(A), cE Y. 
Recall that any irreducible C(A)-module has dimension N = 2”, where in 
is related to d by 
d=2m if d is even, 
=2m+ 1 if dis odd, 
(4.7) 
and that since F is algebraically c osed, any C(A)-module iscompletely 
reducible and all irreducible components have the same dimension IV= 2” 
13, p. 2731. Thus, letting p be the number of irreducible components inV’, we 
have 
2”p= 2d. (4.81 
Hence the relations (4.7) and (4.8) allow the only possibilities 
(a) d= 1, m = 0, N= 1, p = 2. 
(b) d=2. m= 1, N= 2, P = 2, 
(c) d=3, m= 1, N= 2, P = 3, 
(d) d=4, m = 2, N = 4, p = 2, 
(e) d= 8, m = 4, N= 16, P’i, 
(4.9) 
so that dim A = d = 1, 2, 3, 4 or 8. 
To rule out the case of d = 3, let {(u,, 0) ,..., (u , O)< (0, Us) ,... 9 (0, q,)} be a 
basis for V, where (ur ,..., u, ,J isa basis for A. By (4.5). the matrix /i(x) of 
A(s) relative to this basis has the form 
(4.10) 
for xE A, where t, and RX are the matrices ofL, and R, in A relative to 
(u,?..., Udj. In particular, (4.10) implies 
for all X, J, z E A. 
Tr J(X) = 0. (4.11) 
Tr[/i(.y) A( u) J(z)] = 0 (4.12) 
Suppose now that d = 3, so N = 2 and p = 3. Thus I/ contains three 
irreducible components V,, V,, V3 of dimension 2. Let ,4!(x) be the 
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restriction of A(x) to V,, Z= 1, 2, 3. Under asuitable asis for V, n(x) can 
be brought tothe block diagonal matrix 
i 
a4 A(x) = m-4 
1 a4 ’ 
(4.13) 
where a,(x) is a 2 x 2 representation matrix of A [(x) in V,. 
If F is algebraically closed and d = 3, there are exactly two distinct 
irreducible representations for C(A) of dimension 2 which are completely 
described in [3, p. 2701. Since (x, u) is nondegenerate, one can choose a
basis {u, u2, u3} for A such that ui * uj + Uj . ui = 26, 1, where x* y denotes 
the product inC(A). Consider the 2x 2 matrices 
(J,= (y (g; u*= (& y), u3=(i -9). (J-14) 
Then any irreducible (matrix) representation 2, of C(A) is given by 
Li,(Ui) = Ui) i= 1,2,3 (4.15) 
or 
jY,(uJ = -ui, i= 1, 2, 3 (4.16) 
[3, p. 2701. Noting c1 crZc3 = - fi 1, we have by (4.15) and (4.16) that 
J,(u,)@+M4 = 61 fl 1, (4.17) 
where E, = -1 or +l according to two cases of (4.15) and (4.16), respec- 
tively. Hence, (4.13) implies 
Tr[iT(u,)ll”(u,)l(u,)] = 2 fl (si +a2 + s3), (4.18) 
which cannot be zero, if the characteristic of F s neither 2 nor 3. This is 
contrary to (4.12). If F is of characteristic 3, then(4.18) could be zero nly 
if F, = s2 = s3 = f 1. However, inthat case, (4.13) and (4.17) demand 
&4,) Lqu,) li”(u,) = f.&l I, 
which contradicts again (4.10). This completes heproof. 
Theorem 1.1 has been proved in [ 1 l] under the additional condition of 
Lie-admissibility via a somewhat lengthy process which is quite different 
from the present one. 
Remark. (1) When F is the complex field, the matrices u, ,-u2, c3 in 
(4.14) are called the Pauli’s spin matrices. 
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(2) The matrices J(x) in (4. IO) are symmetric relative to the given basis. 
Iln fact, since (x, y) is invariant, (Ry, 2) = ( y, L,z) and this ~rnp~~es 
= w”f, since (x, y) is nondegenerate, where indicates hetrams 
x. Thus z(x) is symmetric for xE A by (4.1 
While the structure of the Clifford algebra C(A) as well as its r
tation isreadily determined fordim A = 1,2,4 or 8 ([a, p. I%] 
p. 273 I), this does not assist in he classification of algebras s tisfying (1.2) 
for these dimensions. Thisis partly due to the fact that he re~resentat~~~ of 
C(A) is not much use in generating various identities involving 
The case of dimension 1 or 2 is rather t ivial andis c~m~ietel 
in [IO]. These algebras of dimension 2 are 
all of which are not power-associative. If is 
algebra with unit element e,the algebra Q (2.X 1) satisfies (1.2). 
We may call Q, a para-quaternion. U li 
octonion algebras, it can be shown that 
~at~~~io~ algebra. A classification of he a 
reported elsewhere. Assuming that I; i 
characteristic neither 2nor 3, it can be shown that h 
algebra isthe only one satisfying (1.2) for d~~e~~iQ~ 4. 
only pseudo- and para-octonion algebras for d~~e~s~o~ 8. 
The isomorphism classes of the algebras A(y, g) in Theorem 3.1 are yet o 
be determined. 
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